Abstract-In this correspondence, we propose a simple design method for nonuniform integer-decimated filter banks based on a uniform cosinemodulated filter bank. The resulting distortion and aliasing are comparable to the stopband attenuation of the prototype filter. Examples are given to demonstrate the proposed method.
I. INTRODUCTION Fig. 1 shows a nonuniform filter bank where n k are the downsampling/upsampling factors. For critical sampling, n k satisfies the condition 6 k (1=n k ) = 1: The analysis filter H k (z) and synthesis filter F k (z) have bandwidth (1=n k )(f s =2), as shown in Fig. 1 
(b).
There are three sources of errors at the output signalx(n): aliasing, amplitude distortion, and phase distortion. Filter banks that cancel all of these errors are called perfect-reconstruction (PR) filter banks. Given a set of factors n k , PR nonuniform filter bank might not exist. Besides the above critical sampling condition, n k must also belong to a compatible set [7] for aliasing to be cancelled. Although a design example has been given in [7] , no detail on design method was presented. More detailed discussion on aliasing cancellation can be found in [4] , but no design method is available.
The tree-structured method [5] is an easy way to obtain nonuniform filter banks. The advantage of the method is in its simplicity. The main drawbacks are the restricted sampling rates n k and the nonoptimal frequency responses of the filters. The resulting filters tend to be long since they are convolutions of the interpolated filters.
Some design methods based on time and frequency domain formulations [6] - [8] have been proposed for nonuniform PR filter banks. However, most of these methods are quite complicated. A complete and detailed design method for nonuniform filter banks having arbitrary rational sampling factors has been proposed in [8] . The drawback of this method is that a prototype filter has to be designed independently for each channel. The error objective function to be minimized involves many arguments and complicates the design procedure. There is a need for an efficient and simpler design method that guarantees high attenuation while keeping the distortion and aliasing small. In summary, designing a nonuniform filter bank is nontrivial. In this correspondence, we present a simple design method based on a uniform cosine-modulated filter bank.
Uniform cosine-modulated filter banks are obtained by cosine modulating a prototype filter [2] , [10] . Its implementation consists of one prototype filter and a discrete cosine transform (DCT). Since the number of parameters is reduced, the speed of convergence is faster, and filter banks with high attenuation can be designed. One could trade off between stopband attenuation and PR by considering a near-perfect-reconstruction (NPR) cosine-modulated filter bank [10] . Both amplitude and phase distortions can be eliminated, and the only reconstruction error source is aliasing, which is comparable to the stopband attenuation. By using a prototype filter with good stopband attenuation, aliasing can be approximately suppressed.
In this correspondence, a simple method for designing NPR nonuniform filter banks having integer sampling factors is presented. The desired nonuniform filter bank is obtained from a uniform NPR filter bank. In Section II, the proposed method is described for sampling factors that satisfy a certain condition. In Section III, the aliasing and the distortion of the resulting nonuniform NPR filter bank are discussed, and their upper bounds are given. The "nonfeasible partition" case is also considered in this section.
II. THE PROPOSED DESIGN
In this section, a simple design method for a nonuniform filter bank with a "feasible partition" is given. We first review the relation between the nonuniform FB and its equivalent uniform FB and present a design method based on the NPR cosine-modulated FB. An example is presented to demonstate the design procedure.
A. Nonuniform Filter Bank and Its Equivalent Uniform Filter Bank
Consider the K -channel nonuniform filter bank in Fig. 1(a) . The downsampling/upsampling factor in the kth subband is n k : Fig. 1 shows the frequency responses of the analysis filters H k (z) for the case of fn 0 ; n 1 ; n 2 g = f3;2;6g: The input-output relation isX(z) = 6 ǹ =0 T`(z)X(zWǹ ) where W n = e 0j2=n and T`(z) = 6 K01 k=0 (1=n k )F k (z)H k (zWǹ ): One approach in analyzing the above nonuniform filter bank is to convert it to an equivalent uniform filter bank using the technique outlined in [7] . Consider a single branch in a filter bank with sampling factor n 0 , as shown in Fig. 2(a) . An equivalent k 0 -branch uniform filter bank with sampling factor M = k 0 n 0 , where k 0 is any positive integer, is shown in Fig. 2(b) .
To simplify the analysis, it is assumed that only one of the branches of the nonuniform filter bank, say, the ith branch, has a sampling factor different from the other branches, as depicted in Fig. 3(a) . The method presented here can be used in general cases, where more than one branch is allowed to have different sampling factors. Note that 
The z transform of the output can be written aŝ
where W = e 0j2=M : T 0 (z) is the overall distortion transfer function, and T`(z);`6 = 0 is the aliasing transfer function corresponding to X(zW`): Thus, to obtain a PR system, the necessary and sufficient conditions are T 0 (z) = z 0n and T`(z) = 0 for 1 ` M 0 1, where n0 is a positive integer. In practical situations, we usually relax the PR conditions and design a filter bank with small reconstruction error, namely, kT 0 (z) 0 z 0n k 1 1 and kT`(z)k 1 2 for 1 ` M 0 1, where 11 and 12 are small numbers. In the proposed method, both 1 1 and 1 2 are comparable to the stopband attenuation of the prototype filter.
Each aliasing term T`(z) is composed of two parts: the aliasing caused by adjacent bands, which will be called "first-order (FO) aliasing," and the aliasing caused by nonadjacent bands, which will be called "higher order (HO) aliasing." Compared with HO aliasing, FO aliasing is more significant, and it is the major contribution to the total aliasing. For PR filter banks, both FO and HO aliasings must be canceled. For NPR filter banks, FO aliasing should be canceled, and HO aliasing should be kept very small.
B. The Design Method
Let H(z) be the linear-phase prototype of an M-channel NPR cosine-modulated filter bank, and let N be its length. The corresponding analysis and synthesis filters H k (z) and F k (z) are cosine-modulated versions of H(z), which are defined as
for 0 n N 0 1 and 0 k M 0 1: If the prototype filter has flat passband and high stopband attenuation, then so do H k (z) and
In addition, the FO aliasings are cancelled, i.e., H j01 (zW j )F j01 (z) + H j (zW j )F j (z) = 0; for j = 1;2;111;M:
The objective of this section is to present a simple rule to combine the adjacent bands of the M-channel uniform cosine-modulated filter bank to obtain a NPR nonuniform filter bank. The combination is such that the resulting distortion and aliasing functions are small. Section III quantifies the distortion and aliasing functions in terms of the stopband attenuation of the prototype filter H(z): In summary, the resulting NPR nonuniform filter bank is based on the prototype filter H(z): This prototype filter is a spectral factor (linear-phase) of a 2Mth band filter. As long as its stopband attenuation is high, one could keep the distortion and aliasing levels of the nonuniform filter bank small.
Consider the nonuniform filter bank in Fig. 1(a) . Let M be the least common multiple (lcm) of n 0 ; n 1 ; 1 1 1 ; n K01 , and let k`= M=n`;`= 0;1;1 1 1 ; K 0 1: Suppose it is true that for each`2 f0; 1; 11 1;K01g, 6`0 1 i=0 k i = k``for some integer `, the filter bank has "feasible partition." For example, a three-channel filter bank with fn 0 ; n 1 ; n 2 g = f2;6;3g has the feasible partition property, whereas a three-channel filter bank with fn 0 ; n 1 ; n 2 g = f6;2;3g does not have the property. For a feasible partition filter bank, it is possible to have the PR condition if the analysis and synthesis filters are properly designed. For a "nonfeasible partition" filter bank, no matter how well the analysis or synthesis filters are designed, aliasing cannot be canceled, and PR cannot be obtained [4] . Section III presents an alternative structure for nonfeasible partition filter banks. Suppose that the nonuniform filter bank in Fig. 3 
Using (5),X(z) can be obtained in terms of H k (z) and F k (z): The design procedure for a nonuniform filter bank with sampling factor fn 0 ; n 1 ; 1 11;n K01 g is as follows: 1) Obtain M , which is the lcm of n 0 ; n 1 ; 11 1;n K01 :
2) Design a cosine-modulated NPR M -channel uniform filter bank according to [10] . 3) Combine the corresponding filters in the NPR uniform filter bank to obtain the analysis and synthesis filters H i (z) and F i (z) in the ith branch of the nonuniform filter bank according to (4).
4)
If fn 0 ; n 1 ; cdots; n K01 g is a feasible partition, do not make any changes to the structure. 5) If fn 0 ; n 1 ; 1 11;n K01 g is a nonfeasible partition, the structure in Fig. 6 should be used to implement the channels such that 6`0 1 i=0 ki 6 = k``for any integer `: The modified structure shifts the frequency band of such a channel to a suitable band. Example: A three-channel nonuniform filter bank with sampling factors f4; 4; 2g is designed using the proposed method. One can verify that the above filter bank has a feasible partition. The lcm of f4; 4; 2g is M = 4: A four-channel uniform pseudo-QMF bank with length 64 is first designed. The analysis filters and the synthesis filters of the nonuniform filter bank are constructed from the analysis filters and the synthesis filters of the uniform filter bank from (11) . The magnitude responses of the optimized prototype filter H(z), the corresponding analysis filters H k (z) of the nonuniform filter bank, the overall distortion transfer function T 0 (z), and the aliasing transfer function T`(z); 1 ` M 0 1 are plotted in Fig. 4 .
Using the same prototype filter to design a three-channel nonuniform filter bank with sampling factors of f4; 2; 4g yields a nonfeasible partition system. The corresponding frequency responses as well as T`(z) are shown in Fig. 5 . Note that the aliasing is not cancelled.
III. PERFORMANCE ANALYSIS OF PROPOSED METHOD
The objective of this section is to show that the filters H k (z) and F k (z) designed using the above method have good characteristics and that the resulting nonuniform filter bank has small distortion and aliasing. Moreover, the bounds on both amplitude distortion and aliasing are derived in terms of the stopband attenuation s of H(z):
In the worst-case scenario, the amplitude distortion can be as large as 4s, and aliasing can be as large as 3(M 01)s: This is not the case for typical design since different terms tend to have different phase factors, and they would substract rather than add. From the example, the resulting distortion and aliasing are comparable to s :
1) Frequency
Responses of H k (z) and F k (z): In order for the filter bank in the previous subsection to be useful in practice, H i (z) and F i (z) should have good characteristics, i.e., small passband ripples and high stopband attenuation. By using the method in [10] , F k (z) and H k (z) can be designed with flat passband and high stopband attenuation. This is the assumption for subsequent discussion. It can be shown that the sum of two adjacent filters have good characteristics. Extending this argument to conclude that the sum of more than two filters 6 P 01 i=0 ; H +i (z) also has small passband ripples with 
Since the prototype filter H(z) is a spectral factor of a 2Mth band filter, it has been shown [10] 
Therefore, it follows that
is the distortion. Let us define the first-order (FO) distortion and higher order (HO) distortion as the distortion caused by adjacent bands and distortion caused by nonadjacent bands, respectively. It can be shown that D consists of only HO distortions and, therefore, is very small. In summary, the amplitude and phase distortions of the resulting filter bank are very small.
3) Aliasing of the Resulting Nonuniform Filter Bank:
It can also be shown that the aliasings of the designed nonuniform filter bank consist of only HO aliasings and are small. This is verified in the examples from the previous section.
4) Comparison with Tree-Structure Nonuniform Filter Banks:
The tree-structure nonuniform filter bank [5] is a well-known structure for nonuniform filter banks. They can be either PR or NPR, depending on the filter banks used in the design. On the other hand, our proposed method can only design NPR filter bank. The advantage of our method is that it can be used to design any feasible or nonfeasible partition nonuniform filter bank with good performance, whereas the tree-structure method cannot. For instance, one cannot design a nonuniform filter bank with sampling factors f6; 3; 2g using the tree structure without combining the subbands. Combining subbands in a PR tree-structure system will introduce severe aliasing if it is not done right. The proposed method presented in this correspondence is a simple and efficient method to design nonuniform system with small distortion and aliasing.
5) Nonuniform Filter Bank with Arbitrary Band Partition:
In Section II, we present a design method for a nonuniform filter bank with a feasible partition property. For a nonfeasible partition filter bank, we can rearrange the structure by frequency shifting the subbands. This idea is extended from [8] , where the authors move all the bands to the baseband.
For a feasible partition filter bank, the`th channel (`= 0;1;111;K 0 1) occupies the frequency band [`(=M)k`;(`+ 1)(=M)k`] rad, where `is an integer 2 f0;1;1 11;n`0 1g, and k`= M=n`: In a nonfeasible partition bank, there is at least one channel such that the occupied frequency band does not satisfy this condition. These channels cause severe aliasings, and some modifications to the structure are needed To avoid complex functions and coefficients, the fact that the design uses a cosine-modulated filter bank is utilized to obtain an equivalent structure with real modulating functions and real coefficients. The impulse responses of the filters are the summations of sine-and cosine-modulated versions of the prototype filter.
IV. CONCLUSION
In this correspondence, a design method for nonuniform filter banks with integer sampling is presented. The prototype filter is a linear-phase spectral factor of the 2M th band filter. The analysis and synthesis filters are combinations of the cosine-modulated versions of the prototype filter. The resulting overall distortion and aliasing are small and comparable with the stopband attenuation of the prototype filter. The design method is illustrated by examples.
I. INTRODUCTION
There are numerous areas of science and engineering where the experimental measurements are only indirectly related to the quantities of interest, and we are faced with the problem of obtaining optimal estimates for these underlying quantities. A large number of such inverse problems can be formulated as the task of reconstructing Within the Bayesian framework, the optimal estimate for the unknown signal is taken to be the candidate signals, which maximizes the conditional probability distribution ofs, given the datad: An explicit expression for this posterior distribution is obtained from Bayes' rule Pr (sjd) = Pr (djs) Pr (s)
which is a trivial consequence of the basic postulates of probability theory. It is convenient to work with the natural logarithm of the posterior distribution log Pr (sjd) = log Pr (djs) + log Pr (s)
( 1.3) where we have suppressed the normalizing constant Pr (d):
Since the errors in the data are presumed to be independent and normally-distributed, the first term on the right of expression (1.3) can be written as where, once again, we have suppressed a normalizing constant. The way in which we prescribe the prior distribution of the signal Pr (s)
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